A paired comparison analysis is the simplest way to make comparative judgments between objects where objects may be goods, services or skills. For a set of problems, this technique helps to choose the most important problem to solve first and/or provides the solution that will be the most effective. This paper presents the theory of paired comparisons method and contributes to the paired comparisons models by developing a new model based on t-distribution. The developed model is illustrated using a data set of citations among four famous journals of Statistics. Using Bayesian analysis, the journals are ranked as JRSS-B → Biometrika → JASA → Comm. in Stats.
Introduction
In situations where quantitative measurements for object effects are not possible, or perhaps impractical, method of rank analysis is one possible solution to analyze the outcomes of such experiments. A paired comparison (PC) analysis is probably the simplest way to make comparative judgments between objects where objects may be goods, services or skills. There is no restriction on the number and the type of objects. The technique is used primarily in experiments when weighing up the relative importance of objects. For a set of problems, this technique helps to choose the most important problem to solve first and/or provides the solution that will be the most effective. The technique compares each object against all others in pairs and sets priorities when there is a conflicting demand on the available sources. Objects are inspected pair wise by presenting them to one or more subjects to set priorities between them. To make experiment a balanced paired comparison experiment, objects are presented to more than one subjects.
Apart from psychology and ranking of teams and/or players, the PC methods have vast application in the field of medicine, project management, the scientific study of preferences, voting system and performance appraisal (also known as employee performance) etc.
Basically, there are two variants of the method of PC. The original one is due to Thurstone (1927) and is based on the normal distribution, called the law of comparative judgment in modern psychometric theory. The other one is known as Bradley and Terry (1952) model, based on the logistic distribution. Thurstone (1927) proposed the law of comparative judgment in which a pairwise comparison is used to scale a number of objects. Bradley and Terry (1952) and Bradley (1953) used the logistic density function to formulate the model for PC. This model proposed the preference of one object over the other. The maximum likelihood estimates are used for rating of objects. Its usefulness in sensory testing is also demonstrated. Likelihood ratio test is used to test certain hypotheses about rating parameter.
Section 2 reviews some of the well known PC models in literature and their mathe-matical forms are discussed. Section 3 elaborates the PC model building mechanism through a probabilistic approach. The mathematical form of a PC model using tdistribution is constructed in the same Section. The formation of likelihood function is taken into account in Section 4. Section 5 presents different prior distributions used for Bayesian analysis. Section 6 deals with the Bayesian analysis; derivation of the posterior distributions, estimation of posterior estimates, estimation of preference and predictive probabilities, and finally the χ 2 goodness of fit test. The application of the developed model is illustrated in Section 7 using a data set taken from Turner and Firth (2012) . This article finishes off by drawing conclusion and final remarks in Section 8.
Some of the PC Models
The law of comparative judgment, proposed by Thurstone (1927) is applicable not only to physical objects but also for qualitative judgment. The excellence of objects, opinion on public disputed issues, sensory and taste testing, and performance appraisal are examples of this law. Thurstone suggests in 1931 that his law can also be suitable for ranking of objects. The following three points of Thurstone's (1927) model are important to be noted • A subject elicits a preference on continuous scale whenever confronted with a pair of objects • The object having larger sensation value (on continuous scale) is preferred by the subject • The unobserved preferences follow a normal distribution in population.
If θ i and σ i (i = 1, 2, . . . , m) are worth and scale parameters of object T i . If ψ ij denotes the preference probability of T i over T j , (i < j, i, j = 1, 2, . . . , m) then according to Thurstone (1927) Thurstone (1927) assumes that the correlation between objects is equal and zero (or nearly so). Hence, we are left with mean (θ i − θ j ) and unit variance for preferences. i.e.,
where Φ(·) denotes the standard normal distribution function. Bradley and Terry (1952) modified the Thurstone (1927) model and used logistic distribution instead of normal distribution. The Bradley-Terry model implies that preferences follow a logistic distribution with location (ln θ i − ln θ j ). So, the preference
Following Thurstone (1927) and Bradley and Terry (1952) , Abbas and Aslam (2009) proposed a PC model based on Cauchy distribution. For a pair of objects (T i , T j ), if ψ ij denotes the preference probability of T i over T j then
This Section presents the mechanism of PC model building criteria originally proposed by Thurstone (1927) . In a PC experiment, subject is confronted with a series of objects such as handwriting specimens, cylindrical weights, taste testing, children' drawings or any other series of objects for ranking purpose. The first important thing is that what is going to be judged or compared. It may be quantitative or qualitative such as weight or excellence of objects. The object is preferred on the basis of some attribute of excellence. The value (or worth) assigned to objects on the basis of these attributes are called psychological continuum. The process of reacting differently to the objects to identify the degree of excellence is called a discriminal process. It is assumed that discriminal process is variable for a given object. i.e., the subject gives different value (or worth) of psychological continuum on successive occasions about the same pair of objects. Thurstone (1927) assumed that the psychological continuum is defined in such a way that frequencies of discriminal process for a given object form a normal distribution on psychological scale. It is to be noted that the scale is defined in terms of discriminal process frequency of a certain object. The difference between observed discriminal process and a model (true or ideal) discriminal process is called a discriminal deviation on a certain occasion.
In this study, we assume that the frequencies of discriminal process follow a tdistribution on psychological scale. The reason behind using t-distribution is that it is independent of discriminal dispersion. i.e., no matter the difference between observed discriminal process and true or ideal discriminal process is small or large, the t-distribution is independent of that. Now we formally define a PC model in a probabilistic way. Suppose that there are n objects T 1 , T 2 , . . . , T n to be compared in a balanced PC experiment. Suppose the true worth of an object T i (i = 1, 2, . . . , n) is W i . When the object T i is presented to a subject in m comparisons, its worth varies in each comparison and represented by a
If T i and T j are compared, the former is preferred if y i > y j , and the latter if y j > y i . If T i is preferred over T j , we write it as
If the Z i 's are independently and identically distributed or nearly so, then Z i − Z j must have the same distribution as Z j − Z i i.e., the distribution of the differences Z i − Z j is symmetric about zero. Then the preference probability that object T i is preferred over T j , denoted by ψ ij , is given in equation (5).
where H(·) is distribution function defined by Pr(Z j − Z i ≤ a) = H(a), for any real constant a.
Whenever the preference probabilities are expressed in the form of equation (5), the random variable Y i is said to satisfy a linear model. We assume that when a series of objects is homogenous, i.e, there is a low correlation between discriminal deviations and possibly even zero, the degree of excellence which a subject perceives in one of the two objects has no influence on the degree of excellence of the other. Practically, it is assumed when a group of subjects perceives an object for comparison, the distribution of preferences is a t-distribution with ν degrees of freedom. The location parameter of
where Beta(·) and I x (a, b) = 1 Beta(a,b)
x 0 y a−1 (1 − y) b−1 dy, denote the beta and incomplete (regularized) beta functions respectively. In ψ (ν) ij , ν shows that preference probability is a function of ν. It is considered that the subject must differentiate between objects presented to him, i.e., tie between objects is not being considered here, therefore, ψ
ij ). Since the proposed paired comparison model in equation (6) is based on t-distribution, it is named as t-paired comparison model (t-PCM).
Important Notations and Likelihood Function
In this Section, we define some of the notations to make an understanding of the model and for further analysis.
if the object T j is preferred over T i in kth repetition, 0, otherwise; j < i; i, j = 1, 2, . . . , n; k = 1, 2, . . . , m, i.e., r ijk + r jik = 1,
r ijk , the number of times object T i is preferred over T j ,
r ij , the number of times object T i is preferred over all other objects, n ij = the number of times object T i is compared with T j .
We observed that there are only two responses against each single comparison with fixed probability ψ
ij . It is more appropriate to call this experiment a Bernoulli experiment. i.e., The probability of kth repetition of a pair of objects (T i , T j ) is
Assuming the independence in judgments by subjects, the likelihood function of the observed data r = {n ij , r ij } for Bernoulli responses is given in equation (8) L
where θ = (θ 1 , θ 2 , . . . , θ n ) denotes the worth vector of n objects being compared.
Prior Distributions
The basic idea behind the Bayesian methodology is to combine information from experiment and the personal belief. The personal belief is believed to be as prior information, which may be based upon some previous experiments. The uniform and the Jeffreys priors are the most common choice for noninformative priors.
The Uniform Prior
The choice of uniform prior makes sense because it gives equal weights to all possible values of a parameter. It is used for a parameter having finite range, however, it also gives satisfactory results otherwise. We assume independent uniform priors for θ = (θ 1 , θ 2 , . . . , θ n ) over the interval (−∞, ∞). The uniform joint prior is denoted by π u and, in the density kernel form, is given in (9). Jeffreys (1961) is first who sets the basis for constructing data priors. It is derived from Fisher's information matrix. Consider θ = (θ 1 , θ 2 , . . . , θ n ) to be a vector of parameters which are continuous in nature, the Jeffreys joint prior (denoted by π d ) is defined as
The Jeffreys Prior
where "det" denotes the determinant and I (θ) is Fisher's information matrix and is defined as
. Where expectation is with respect to data, x = (x 1 , x 2 , . . . , x n ), and L (x; θ) denotes the likelihood function.
Bayesian Analysis of t-PCM
The initial step in Bayesian analysis is the utilization of prior knowledge about parameters under consideration. The joint prior, we generally denote by π(θ) (given in (9) and (10)), is incorporated with the likelihood function in equation (8) to yield joint posterior. The joint posterior distribution of θ given data is obtained as
where r = (n ij , r ij ) is data and C is the constant of proportionality and is given by
Marginal Posterior Distributions
The marginal posterior distribution of parameters (or worth parameters) given data are obtained by integrating equation (11) over nuisance parameters. The marginal posterior distribution of θ i (i = 1, 2, . . . , n) given data is
where θ is such that θ ∪θ i = θ and θ ∩θ i = Φ. The posterior estimates (e.g., posterior means and posterior modes) are used for calculation of preference probabilities.
Posterior Estimates
The posterior mean of ith (i = 1, 2, . . . , n) object is obtained by taking expectation of θ i with respect to its marginal posterior distribution. i.e.,
where p(θ i |r) is given in equation (12). Due to the complicated expressions of marginal posterior distributions and hence posterior means, we use quadrature method to obtain posterior estimates. The quadrature method is simple and is similar to the weighted mean. According to this method, the value of b a g(θ) dθ can be approximated by evaluating g(θ) as a weighted sum of function at specified small intervals over the whole range of θ i.e., b a g(θ) dθ ≈ n i=1 w i g(θ i ), where w i are the weights to be used a through b and n is the total no. of interval points. The two-dimensional integration is approximated by
higher dimensional integration is approximated in a similar manner.
The posterior modes in uniform priors are derived using first derivatives of loglikelihood function whereas joint posterior distribution is maximized in Jeffreys priors subject to the constraint n i=1 θ i = 0.
Preference Probabilities
Preference probability shows the expected chance of preferring one object over the other in a pairwise comparison. To find the preference probabilities, we substitute the posterior estimates of objects in equation (6) i.e., ψ
ij . The posterior means and posterior modes are obtained to estimate preference probabilities.
Predictive Probabilities
The predictive probabilities are obtained by multiplying equation (6) with joint posterior distribution in equation (11) and then integrating over all the worth parameters.
If η (ν) lm l(< m) = 1, 2, . . . , n denotes the predictive probability when objects T l and T m would be compared n lm times, then
Goodness of Fit Test
The appropriateness of the t-PCM (given in equation (6)) with observed data (Table 1) is checked using χ 2 goodness of fit test. The procedure of χ 2 is to calculate the theoretical (expected) frequencies and compare them with observed frequencies to check the differences. If the differences appear to be small then the model is considered to give good fit of data otherwise not. The following hypotheses are formulated.
H 0 : The model is appropriate for θ = θ 0 , H 1 : The model is not appropriate for any value of θ.
Following (Abbas and Aslam (2009)), if H 0 is true, the χ 2 -statistic to be used to check the appropriateness of the model is given by
with (n−1)(n−2) 2 degrees of freedom (df ). And where theˆabove observed frequencies (r ij ) shows that the frequencies are theoretical (expected). The expected frequencies are obtained by substituting posterior estimates in r ij = n ij ψ (ν) ij .
Application of t-PCM using Real Data
The analyses of t-PCM are carried out using the data set taken from Turner and Firth (2012) . The data set in Table 1 shows The Table 2 are all greater than 0.90. The preference probabilities of θ 1 and θ 4 over θ 3 are greater than 0.60 implies JASA is ranked as third. The JRSS-B has preference probability greater than Biometrika, so, JRSS-B is ranked as first. Thus, the ranks derived from preference probabilities are JRSS-B → Biometrika → JASA → Comm. in Stats. The ranking is same for all values of ν.
The Table 5 shows the predictive probabilities for a single future preference. The predictive probabilities calculated using uniform priors do not vary much from that obtained using Jeffreys priors. The predictive probabilities of citations for θ 2 are less than 0.10 predicting that Comm. in Stats. will be cited less among these journals.
The worth parameter θ 4 has all the predictive probabilities greater than 0.50 implying JRSS-B will be cited most.
The χ 2 goodness of fit test reveals that t-PCM fits best for ν = 2, 3 and 4 with a p-value of greater than 0.15.
Conclusion and Remarks
A new model for comparative judgment is developed following Thurstone (1927) .
This new model (t-PCM) is based on t-distribution. It will be used for ranking of objects where quantitative measurements for object effects are not possible, or perhaps impractical such as handwriting specimens, taste testing, children' drawing etc. The objective of choosing two noninformative priors is to explore the effect of a particular prior on preference probabilities and hence on ranking. In general, the comparison is concluded with the discussion that uniform and Jeffreys priors both are equally efficient. Both priors can be used alternatively however working with Jeffreys prior is somewhat tedious than the simpler uniform prior. 
